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Solution of Analytical-Variational Method on
Bi-Material Interface Crack and Its Comparison with Experiment

Qingchun Meng*, Dong-Joo Lee** and Xing Zhang*
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An analytical method is developed to describe the fields of stress and displacement in a bi

-material strip with an edge interfacial crack. All of the basic governing equations, boundary

conditions on crack surfaces, and conditions of continuity along the interface are satisfied by the

eigen-function expansion method. The other boundary conditions will be satisfied by the

generalized variational principle. Good convergence of generalized stress intensity factors is
obtained, and the values of crack opening displacement and energy release rate obtained by this

method are close to the experimental results. Some problems regarding oscillatory singularity,

contact zone and energy release rate are discussed. Finally, the effects of modulus, thickness and

crack length to mode mixity are presented.
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1. Introduction

The stress field in the vicinity of an interfacial
crack tip between dissimilar media was analyzed
by Williams (1959), who also detemined the
characteristic oscillating stress singularity. This
phenomenon was confirmed by solutions to spe-
cific problems as given by Erdogan (1965),
England (1965), Rice and Sih (1965), The pene-
tration between the upper and lower surfaces of a
crack was found by England (1965). In 1988, Rice
published his review on interfacial cracks, in
which problems related to near-tip stress field,
definition of stress intensity factors, contact zone,
etc. are discussed. It must be mentioned that the
interface crack problems are mixed-mode ones in
most cases, so the stress fields are governed by
Therefore, the
numerical simulations are only useful when the

multi-mechanical parameters.

corresponding single parameter fracture criterion
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is valid.

Since then, there have been a lots of papers
published on e. g, Choi
(1994). To find a simple and effective technique

interfacial cracks,
for an interface crack problem encountered in
engineering, Meng and Zhang (1992) have devel-
oped the analytical-variational method of solu-
tion to determine the generalized stress intensity
factors (GSIFs) of the interface crack in bi-metal
glued joints. In their analysis, the eigen expan-
sions of displacement and stress field satisfying all
the basic governing equations in mechanics of
elasticity, boundary conditions on crack surfaces
and conditions of continuity along the interface
are first derived by the eigen-function expansion
method. Furthermore, the other boundary condi-
tions excluding those in which the crack surfaces
are satisfied by the generalized variational princi-
ple, then a simultaneous equations with all the
coefficients in the expansions of displacement and
stress is obtained. Finally, all coefficients are
determined and the coefficients of the leading two
terms are designated as the generalized stress
intensity factors, which converge after enough
terms have been taken in the expansion.

This analytical variational method can be used
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to analyse the strength of structures with interface
cracks, such as single and double strip glued
joints in aircraft structures, and to understand the
requirement of damage tolerance design. Further-
more, the same approach can be used to deal with
delamination problems, which is the main form of
failure in composite laminated plates.

this method
ensures that all the governing equations and

Compared to other methods,
boundary conditions on the crack surfaces and
conditions of continuity along the interface are
satisfied exactly. There are only line integrals in
the variational equations, so that the computa-
tions are very

Choi and Chai (1995) presented their experi-
mental results on bimaterial interface crack, in

imple.

which the specimen geometry used was an edge
-cracked bimaterial strip, which gave rise to crack
length independence of fracture parameters and
mode-mixities. They developed a hybrid proce-
dure for extracting stress intensity factors, and
found a large increase in toughness as the shear
components of displacement increased.

In this paper, the crack opening displacements
and energy release rate of the interface crack in
bimaterial are calculated using the analytical
-variational method, and compared with the
experimental results measured by Choi and Chai
(1995).

2. Eigen Expansions of Stress and
Displacement Fields

According to the theory of Muskhelishvili
(1953), for an isotropic plane problem the gen-
eral solution of stress and displacement in both
material satisfying all of the basic equations in
elasticity mechanics are given by

2u Cuxt itty) = xp(2) — (2— 2) §'(2)

— Q) (1

Ow— i0u=¢"(2) + (2— 2) ¢" (2)
+ Q' (2) (2)
Gt 0p=2{ ¢ (2) + & (2) } (3)

where, s is the shear modulus, x is given by
(3-4p) in plane strain and (3—¢)/(1+v) in
plane stress, and p is Poisson’s ratio. The func-

tions ¢(z) and Q(z), where z=x+ jy, are ana-
Iytic, ¢'(2) =d¢/dz, and the overbar denotes
complex conjugation. According to Meng and
Zhang (1992), these functions are taken as a
combination of power and exponential functions:

¢r(2) =Auz'+ Buz' + Ere™+ Fre Az } (4)
82:(2) =Cpz* + Dz’ + Gre™+ Hype'?

where the subscripts k=1 and 2 refer to the upper
and lower material in a bi-material strip; A is a
complex eigenvalue and all of the coefficients are
complex quantities.

The conditions of continuity along the interface
and the boundary conditions on the crack sur-
faces are given as

(st iu) 1= (uxtiuy)2 =0
(Oyy = i0x) 1= (O~ 10xy) 2 8=0
(Oyy— i0xy) 1=0 O=n
(Gyy— 10xy) 2=0 0=—r

(5)

where the subscripts | and 2 denote different
materials, respectively. All the conditions should
be satisfied by both of the two groups of stress
and displacement which are determined by the
power functions
above. Then, two groups of simultaneous equa-

and exponential mentioned
tions with the complex coefficients introduced in
Eq. (4) can be established.

Based on the conditions for a non-trivial solu-
tion to these equations, the eigenvalues can be
determined. For power functions, there are two
groups of eigenvalues. The first one is complex (e.
g. see Rice, 1988),

A:§+x n=1, 3, 5, - 6
_i‘lnﬂldi‘/lz;fl (7)

e=
2n et X
in which ¢ is the bimaterial constant. The second

group is real,

e
A= 2

For exponential functions, it can be found that

n=2, 4, 6, - (8)

the non-trivial solution exists as long as A=(.
For simplicity, it is taken as 1=1.

After an involved derivation, the eigen expan-
sions of the whole field of stress and displacement
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are obtained as follows:

o= % 5 [ Phston (0)

+ Phshm (8) Jcos (e 1n #)
+[— Plshn (8) + Phskn(8) ] sin(elnr) }

307 Qhthn (0) + Qhthn (6) )
RRqﬁe(r, 0)+Righ(r, &) (9)
auk" 2 Vm_i{ [ngukm(a)

+ P gukm(ﬁ)]cos(slnr)
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+ thz'jkm (4) }+ ka)gk (7’, 6)

+ Rpin (v, 6) (10)
in which all of the functions with § or » and @
are known functions. The unknown coefficients in
front of these functions will be determined using
the generalized variational principle, to satisfy the
other boundary conditions excluding those on the
crack surfaces.

3. Near-Tip Analysis

3.1 Near-tip stress field

The singular stress fields in the viciniy of a
crack tip are governed by the coefficients of the
leading terms PF and P, so the two parameters
PFEand P{ can be called generalized stress inten-
sity factors (GSIFs). The components of stress
along @#-=( are given by

O | 520 "1—"2"' #{ (P¥+2eP!) cos (elnr)
— (2ePf— P)sin(elnr) }
1+7 ! )
Oy | 0= {(26P1 — P{)cos (elnr)

+ (PF+2ePsin(elnr) }

in which = (1 + 1)) / {12+ f11%2) » and the sub-
script /£ has been ignored because of the continu-
ity of stresses along 9=4.

Let

- E (1+7) (PF+2eR)
(1D

/"zz'lgl(l +7) (2ePF—P))

The complex SIF can be defined as X =4+ ik
(Rice, 1988). Then

(U)w“i’ igxy) ‘ 8:0:‘“g:”}/. (12)

where %, and j, are another group of GSIF. The
mode mixity ¥ is defined as
—tan-! _M
v tan Re[KTZE] (13)
According to the suggestion of Rice (Rice,
1988), the distance from the crack-tip » in Eq.
(13) should be taken as 1.0 micrometer in the
calculation of mode-mixity ¥
Along the crack surfaces,

(et d2xr) o= — (atyz+ tUtx2) 0=
Ut late) L piy e
4y cosh(ze) (P =P

__late) tik)r'
2277 (142i¢) cosh (ze)

In which ¢\=(x;+1) /0 and co= (x2+1)/ 120
The energy release rate was given by Malyshev
and Salganik (1965) and Rice (1988),
derived in this paper as:

A+ (atae)r
32 cosh®(re)

(erten) (o pa) (14)

and is

G= LPRH2+ (P)?]

~ 16 cosh®(7e)

3.2 Small contact zone

Generally the bimaterial constant g=(), and the
stress fields have oscillatory behavior in the vicin-
ity of a crack tip. Due to the existence of an
oscillatory singularity, there is penetration
between the surfaces of the crack as indicated by
England (1965). Because of the satisfaction of
both the free boundary conditions on crack sur-
faces and the conditions of continuity along the
interface, such a phenomenon cannot be avoided
in most cases. Certainly, this behavior is unrea-
sonable, but the zone in which the interpenetra-
tion occurs is so small that the effect of inter-
penetration can be ignored except in the case of
pure shearing mode (Rice, 1988).

The size of the contact zone near the tip can be
estimated using the expansions of displacement.
From Eq. (9), the crack opening displacement in
the vicinity of the crack tip is written as:
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duy=1un ’ o=n" Uy2 ] 6=-1

=crz/ (PH 2+ (PD?E sin(elnr+y) (15)

where
= <ZL+L> (e™+e™™),
M1 M2
R
and tan 7:% (16)

The size of contact zone is estimated by
:exp<n—7r—e—_—l>, n=0, £1, = (17

The magnitude of 5, will be presented later.

If both bimaterials are incompressible (i. e. g,
=9,=0.5), it will be found that ¢=(. In this
case, the oscillatory singularity reduces to the
monotonic type and there is no penetration. The
SIF can be defined as

—klzmplk [{Ilzkzzmpll (18)
and the near tip stress fields are
Oy | 6=0= /%77 Oy | e:o:% (19)

It can be seen that the expression of both stress
intensity factors and near-tip stress fields are the
same as the classical type.

4. Variational Method of Solution

The coefficients Pf, Pi. QZF @i R and Egs.
(9) and (10) are determined from the boundary
conditions excluding those on the crack surfaces.
According to the generalized variational principle
for multi-regions (Qian, 1980),

M= kz V[‘;? ] Seundy

_ < _1/0u;  du; )

kZ‘.}fV [8:; (axJ + oL >:L50‘ukdv
00
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2
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k=1JSur

5 (0171 + 0s2m52) Sunds

U:) k005 edS

+/;,, (o1 — 1:3) STsam2ds =0 (20)

in which, §f7, is the variation of functional [/,;

S* denotes the interface; S,, and Sy, refer to the
boundary with prescribed surface traction and
displacements in material 4, respectively; %, and
it denote the known traction and displacement.

In this problem, all the basic governing equa-
tions, boundary conditions on crack surfaces, and
conditions of continuity along the interface are
exactly satisfied a priori, so Eq. (20) is simplified
as follows(Meng and Zhang, 1992)

2/ (05m;— D) sOuands
k=1/Spr
2
—kglﬁ (ue— @) 100 mNds =0 (21)
This is equivalent to the boundary conditions
excluding those on the crack surfaces.
Substituting Eqgs. (9) and (10) into Eq. (21),
the linear algebraic simultaneous equations with
all of the coefficients can be established as fol-
lows:

p=1,2, M
g=1,2,3,4

mné’mn“{_E#rlé/l‘Ara V= 1 2 (22)

MA

/hulmn gmn + zAqugl AM {

M= M=
\|M4> \j

Here

L=R*, &=R', tm=P% Lne=
=@ &n=Qn
and M is the number of terms taken in the expan-
The other
quantities are integrals along the boundary except
crack surfaces which are obtained from Eq. (21)
by means of numerical integration.
Solving Eq. (22), all of the coefficients in the
expansions of stress and displacement field will be
determined, including the GSIFs Pf and PL

Pms §m3

sion of displacements and stresses.

5. Numerical Results and Comparison
with Experiment

Recently, Choi and Chai (1995) used the bi-
material strip specimen which is glued by epoxy
and glass with an edge crack laying along the
interface. The normal crack opening displace-
ments (NCOD) under different biaxial loading
were measured by crack opening interferometer.
The mechanics model of such a specimen in this
experiment is shown in Fig. . The specimen was
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Fig. 1 The mechanics model of bimaterial strip under biaxial loading

glued along the edges to two sets of grip plates
(expressed as the shaded region in Fig. 1) which
provide uniform displacements yz, and ¢, to lower
and upper edges along the r-and y-axis, respec-
tively. The upper material is epoxy with f,==1.72
GPq and p,=( .4, and the lower material is glass
with E,=68.95 GPq and 1,=().2. In this case the
bimaterial constant =0 0486476. They pertor-
med a series of experiments applying normal
loading and sequential shear loading, and
obtained a sequence of NOCODs profiles from
the center of various interference patterns corre-
sponding to the center of a specimen far away
from any edge effects. However, they presented
three cases of NCOD profiles that presumably
good results in their paper.

For the theoretical predication, a special pro-
gram is written to perform the numerical analysis.
To compare these predictions with the experimen-
tal data, the size of the specimen is selected as

75.0 mm, and the thickness of strip J;==/;,=10.0
mm, so that it is the same as the values used in the
experiments. To reduce the error in computation,
the unit of size is taken as decimeters. Thus, the
sizes of model become g=p=(.75 dm and };=
h,={.1 dm. To be consistent with the experi-
ment, the unit of length in Eqs. (13) and (14)
should be converted to micrometer when the
mode mixity ¥ and energy release rate (; are
calculated. The convergence of GSIFs(PF and
P with M, the number of terms selected in the
expansions, and the comparisons of CODs and G
as the results of calculation and experiment, will
be shown in the following tables and diagrams for
different loading cases.

5.1 Comparisons with experiment

If the theoretical analysis is performed identical
to the experimental steps, the following results are
obtained ;

follows : the length of crack and ligament g=5=
Case L. 3y=0, 1=6.65 um;
Table 1 The convergence of GSIFs in case of 2,=0, 1v,=6.65 pxm
M 5 6 7 8 9 10 11 12 13 14 15
PEX10* | 0.576 | 2.147 | 2.138 | 2.046 1.794 | 1.984 | 1.946 | 2.149 | 1.974 | 1.935 | 1.986
Pix10* |—0.505|—0.355/—0.480| —0.550: —0.531| —0.488| —0.561| —0.855| —0.525| —0.603| —0.542
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Fig. 2 The convergence of NCOD for different M,

and its comparison with experiment

The CODs in this case are shown in Fig. 2. As
shown, the results are quite similar to each other.

Taking M =13 and Pf=1.974x107% Pi{=
—0.525x107% from Eq. (17) the maximum
possible (i. e., the size limited by crack length)
size of the contact zone is found to be y,=4 5%
1077 (dm) and »./a=6.0%x10""". These results
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Fig. 3 The convergence of NCOD for different M,
and its comparison with experiment

show that the contact zone is very small and its
effect on the soultion can be ignored.

Case 2. 4,=9.75 pm, 1,=6.60 um;

Table 2 The convergence of GSIFs in case of 2,=9.75 um, 1,=6.65 um

M 5 6 7 8 9 10 11 12 13 14 15
PFX10% | 0.324 | 2.439 | 2.454 | 2.380 | 2.147 | 2.305 | 2.281 | 2.256 | 2.297 | 2.291 | 2.288
Pix10* | 0.627 | 0.783 | 0.669 | 0.629 | 0.588 | 0.588 | 0.650 | 0.676 | 0.607 | 0.491 | 0.603

The CODs in this case are shown in Fig. 3. As
shown, the results are not as close as the previous
case. However, the remote contact during pre-
loading or measuring point selection in front of
crack for experimental works can be a source for
this discrepancy. Also, this approach that uses the
elastic behavior of material can be another source

of this loading case. While applying positive
shear loading, prior to normal loading there
seems to be some non-linear effects in the vicinity
of the crack-tip.

Taking M =11, Pf=2.281x107% P{=0.65%
107*, we have .=2.852x107"*(dm) and r./a=
3.8x107"

Case 3. yo=—9.47 um, 1,=5.50 um;

Table 3 The convergence of GSIFs in case of z0=—9.47 gm, 1=5.5 gm

M 5 6 7 8 9 10 11 12 13 14 15
PEX10% | 0.718 | 1.477 | 1.446 | 1.354 | 1.126 | 1.315 | 1.266 | 1.642 | 1.305 | 1.255 | 1.333
Pix10* | —1.514|~1.397|—1.510( —1.596| —1.522| —1.446| —1.636| —2.159| —1.529| —1.514| —1.554
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As in the first loading case, the theoretical
results show quite similar results to those of the
experiment in Fig. 4. Taking M =15, Pf=1.333
X 1074 P{=—1.554x 107", the size of the contact
zone is obtained as y.=1.92>10"#(dm), r./a=
2.56X107%

In the experiment (Chot and Chai. 1995),

different normal and shear displacements were
applied until the interface crack extension occur-
red, upon which they obtained the interfacial
fracture toughness. In this paper, the same normal
and shear displacements are used to determine the
GSIFs ; furthermore, the relative energy release
rates are obtained by Eq. (14). Figure 5 shows
the relationship between the interfacial fracture
toughness (energy release rate) and mode mixity
obtained in the experimental test (Choi and Chai,
1995) and the theoretically computation in this
paper, respectively.

The above results show, however, that: 1) the
convergence of GSIFs with the increasing of M is
satisfactory ; 2) the maximum possible size of the
contact zone r. is so small that the effect of the
contact zone on the solution can be ignored ; 3)
the normal CODs are convergent in every case;
4) the CODs obtained in this paper are close
enough to the experimental data presented by
Choi and Chai (1995) only when a normal
displacement ¢, is applied. But, after positive
shear displacements are applied, the maximum
error between experimental results and theoretical
computation is nearly 30 %. Since the length of
the crack is much longer than the thickness and
the normal displacements are very small, the
possibility exists that the crack surfaces contact
each other nearby the remote edge of the crack
when shear displacements are applied in the
experiments. Such a contact may be a cause of this
difference in the measurement of CODs. Also,
there are several other possibilities such as crack
growing pattern, selection of measuring point,
differences in testing temperature and non-uni-
formity in specimens ; 5) the energy release rates
calculated herein match the experimental results
very well.

5.2 Further computational results

The relationship between the mode mixity ¥
and the ratio of shear and normal displacement
uo/ vo for different values of E\/F, are shown in
Fig. 6 in the case of ¢=0.75(dm), $=(.75(dm),
h=h=0.1(dm), p;=v,=0.3. The mode mixity
¥ increases from zero when E,/E, for different
values of 1.0 in case of 2,=0.
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In Fig. 7, the relationship between ¥ and 2,/
v, for difterent values of 4,/ /i, 1s shown in case of
a=b=0.75(dm), and E,=1.72 GPa, £,=68.95
GPa, 11=0.4, and ¢,=0.2. When 4,=0, &
attains its maximum value when /,/4,=1, and
decreases as j,/ %, which neither increases nor
decreases.

Figure 8 shows the same curves for different
crack lengths g/[, when g+b=/L,=1.5(dm),
m=h,=0.1(dm), and £,=1.72 GPa, E,=68.95
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Fig. 8 Relationship between ¥ and 4/ v, for differ-
ent ratios of q/Lo Le=a+b=150(mm),
and fixed paremeters j,=},=10(mm), and
E =172 GPa, E;=68.95 GPa, =04, 1,=
0.2

GPa, p,=0.4, 1,=0.2, and the values of ¥ are
nearly constant under a specified loading condi-
tion.

The detailed meaning of these factors and theo-
retical predictions will be discussed later.

6. Conclusions

The crack opening displacements and energy
release rate of the interface crack in bimaterial are
calculated using analytical-variational method of
solution and compared with experimental results.
From this study the following conclusions can be
made :

(1) All the basic governing equations in the
theory of elasticity, boundary conditions on crack
surfaces and conditions of continuity along inter-
face are exactly satisfied by the expansions of
displacement and stress fields.

(2) There is an oscillatory singularity of the
stress field in the vicinity of the crack-tip and a
penetration of displacements along both surfaces
of crack, but in light of all the interface crack
problems discussed in this paper, the size of the
contact zone ts so small that its effects can be
ignored.

(3) The generalized stress intensity factors are
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determined using the generalized variational prin-
ciple. Due to the exact a priori satisfaction of all
the basic governing equations, there are only line
integrals in the variational equations, making the
computations very simple and efficient, with good
convergence of the GSIFs.

(4) The values of the crack opening displace-
ment obtained in this theoretical approach are
quite similar to those obtained in experiments.
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